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CALIBERS OF COMPACT SPACES!
BY
S. ARGYROS AND A. TSARPALIAS

ABSTRACT. Let X be a compact Hausdorff space and « its Souslin number.? We
prove that if « is a cardinal such that either a and cf(a) are greater than « and

strongly k-inaccessible or else a is regular and greater than «, then X has ( o, ¥a)
caliber.

Restricting our interest to the category of compact spaces X with S(X) = w™ (i.e.
X satisfy the countable chain condition), the above statement takes, under G.C.H.,
the following form.

For any compact space X with S(X) = w™* , we have that

(a) if a is a cardinal and cf(«) does not have the form 8% with cf(8) = w, then «
is caliber for the space X.

(b)If e = B+ and cf(B) = w then (a, B) is caliber for X.

A related example shows that the result of (b) is in a sense the best possible.

Introduction. Let X be a topological space and «, 8 cardinals. We say that the pair
(a, B) is caliber for X (or X has (a, B) caliber) if every family {V;: £ <a} of
nonempty open subsets of X has a subfamily (V;: § € B} such that N ,_,V; # &
and | B|= B.

Sanin in [6] has proved that if « is a regular uncountable cardinal then (a, a) (or
simply a) is caliber for a product of topological spaces iff a is caliber for each factor.
Shelah in [7] has extended this result to singular cardinals « in a smaller class,
namely the class of powers of topological spaces.

An example of Gerlits shows that Shelah’s theorem fails for arbitrary products.

In this paper we study calibers of compact spaces. The main results are the
following.

THEOREM 2.5. Let a be a cardinal and X a compact Hausdorff space with
S(X) = k. If a and cf(a) are strongly k-inaccessible and cf(a) > k, then «a is a caliber
for X.

THEOREM 3.9. Let a, k be cardinals with k < a = cf(a) and let X be a compact
Hausdorff space with S(X) = «; then (a,Va) is caliber for X.

The proofs of these theorems make use of infinitary combinatorial methods. The
main combinatorial tool is Lemma 1.1 which is a consequence of ramification
systems.

A consequence of Theorem 2.5 is an extension, under the G.C.H., of Shelah’s
result in the products of arbitrary compact Hausdorff spaces.
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Another application is the negative, in general, answer in the problem of the
determination of possible calibers for the class of compact spaces. More precisely
Comfort posed in [3] the problem of the determination of possible calibers on
arbitrary topological spaces. Shelah in [7] and S. Broverman, J. Ginsburg, K. Kunen
and F. D. Tall in [2] gave a positive answer to Comfort’s problem. If we restrict this
problem in the class of compact Hausdorff spaces then from our results follows that
the answer is negative.

In the fourth paragraph of the paper, among others, we deal with some variations
of the above problem that possibly have a positive answer. In the same section we
prove that a class of topological spaces fails to have (a, a) caliber for « = B and
cf(B8) = w. Hence we show that the estimation of Theorem 2.5 is in a sense the best
possible.

The last section mainly contains a coherent picture of the results from a set-
theoretical point of view.

0. The ordinals are defined in such a way that an ordinal is the set of smaller
ordinals. A cardinal is an ordinal not in one-to-one correspondence with any smaller
ordinal.

We call the cofinality of a cardinal a and we denote by cf(a) the least cardinal 8
such that there exists a family {a;: § <} of cardinals less than «a such that
a =2 pa.

A cardinal « is regular if a = cf(a) and singular if c¢f(a) < a. The first cardinal
strictly greater than B is denoted by B* . A cardinal a is a successor cardinal if it is
of the form a = B* for some B. Every successor cardinal is regular. The cardinality
of the natural numbers is denoted by w. The cardinality of a set 4 is denoted by
| A |. We denote by P(a) (resp. ¥ (a)) the set of all subsets of a (resp. the set of all
subsets of a of cardinality less than k) and by P*(a) the set P(a)\ {2 }.

The cardinality of P(«) is denoted by 2%; more generally the cardinality of the set
of all functions from (a set of cardinality) a to (a set of cardinality) « is denoted by
B

We set a® = S{a™ A < k). It is known that (a®)* = o® for regular cardinals k.
The continuum hypothesis is the statement w* = 2. The generalized continuum
hypothesis is the statement a* = 2 for all infinite cardinals a.

A cardinal « is strong limit if for every f < a: 2# < a.

If « and « are cardinals then « is called strongly k-inaccessible if 8* < « for any
B < a and A <. If in addition a > « then we write a > k (or k < a). Thus e.g. if
a = (2%)" then a » k™ ; and every infinite cardinal is strongly w-inaccessible.

The weight of a topological space X, denoted by w( X), is the least cardinal « such
that there is a base of the topology of X with cardinality a and the density character
of X, denoted by d( X), is the least cardinal 8 with the property that there is a dense
subset of X with cardinality B. The Souslin number of a topological space X,
denoted by S(X), is the least cardinal « such that there is no family of cardinality «
of pairwise disjoint nonempty open subsets of X.

The theorem of Erdds and Tarski states that the Souslin number of an infinite
Hausdorff topological space is a regular uncountable cardinal. A space X satisfies
the countable chain condition (c.c.c.)if S(X) < ™.
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Let X be a topological space and «a, 8 cardinals; we say that X has precaliber
(a, B) (caliber (a, B)) if, for every family {V}: § < a} of nonempty open subsets of
X, there is B C a with | B|= B such that the family {U;: £ € B} has the finite
intersection property (has nonempty intersection resp.). It is clear that a compact
Hausdorff space has precaliber («, 8) if and only if it has caliber (a, 8). We say that
a space X has precaliber a (caliber a resp.) if X has precaliber (a, a) (caliber (a, a)
resp.).

1.

1.1. LEMMA. Let a, p be infinite regular cardinals and x be a cardinal with
k < p < a. We also assume that for every A C a with | A|= « there is a partition ¥, of
A, such that | 9, |< p. Then there is a family {A,: m < «} of subsets of a such that

|4,|=a foralln <k, AnHEGJ)A" forn <k,
A, CA, forn<w <k.

PROOF. For every A C a with | 4 |< a, we denote by ¥, the {4} and so we extend
the notation %, to every set A subset of a.

Inductively, for every n < k, we define a set @n C ®(a) as follows.

We set @, = {a}, if n < x and @, has been defined, then we set

@, =U{9%:4€@,).

If 7 < k is a limit ordinal and for every £ < n @, has been defined put

@, = { N Ag: A, E@ifor§<n}.
£<m

We claim that for every n <«, | @, |< p.

In fact, indeed if n < k and if we assume that | @, | < p then one easily verifies that
also | @, . [<p.

Now, let us assume that 7 is a limit ordinal and for every £ <n we have that
| @ |< p. Then we set B = sup{|@,|: £ <n} and we notice that 8 < p since p is a
regular cardinal.

We also define a map

¢, @, - I e,

£<n
with the rule
£<n

Obviously ¢, is one-to-one and since p is strongly k-inaccessible we have that
|az,,|<’ i @f’ = 11 |@,|< Br<p.
£<n £<n

This completes the proof of the claim.

Setting now @ = U _ @ we have that |@|<p. Consequently the set @ =
{4 € @:| 4|< a} also has cardinality less than p and since « is a regular cardinal it
follows that | U @' |< a. We choose an x € a\ UQ'. For every n <k there is a
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unique 4,(x) element of 68,1 such that x € 4,(x). It is easily seen that the family
{A,(x): n <k} has the desired properties.

1.1.a. LEMMA. The conclusion of Lemma 1.1 remains true in the case « = A = k and
Kk is a weakly compact cardinal.

Indeed, in the construction of the sets {(!,: ¢ <k} we only need that for A, p
cardinals less than « it holds A* < k while the existence of family {4 ,: 6 < «} that
satisfies the conclusion of the lemma follows from properties of weakly compact
cardinals.

1.2. LEMMA. Let a be an (infinite) singular cardinal, B < a and k < a. If xk = w or
Kk < cf(a) then there is a regular cardinal y such that B <y < a and k < y.

PROOF. If § < a and A < k then 8" < a; it follows that
8 = 2 8 < a.

Now set y = ((8%)*)* . It follows from the fact that « is not a successor cardinal
that y < a. Since vy is regular, to complete the proof it is enough to show that ¥ < y.
For § <y and A < k we have

o< ((B)F) < ((B*)*)" = (%) <v
(from the general set-theoretic relation ((8%)%)* = (B8%)%), as required.

1.3. COROLLARY. Let a be an (infinite) singular cardinal and k < a. If k = w or
k < cf(a) then there is a set {a,: 0 < cf(a)} such that

(1) a, is a regular cardinal for o < cf(a),

(i) k < a, for o < cf(a),

() cf(a) < a, < a, < aforo’ <o <cf(a), and

(IV) a= 20<Cf(a) Age

PROOF. Since a is singular there is a family {y,: 0 < cf(a)} of cardinals with
properties (analogous to) (iii) and (iv). We set 8, = y, and recursively, if o < cf(a)
and a,. has been defined for all 6" < o, we set

B, = max{(sup(a,: o' <a})" v,).
By Lemma 1.2 there is «, satisfying (i) and (ii) and the condition 8, < a, < a. It is
clear that the family {a,: 0 < cf(a)} is as required.

2.

2.1. LEMMA. Let X be a topological space with S(X) = k = w, let a be a regular
cardinal with k < a, and let {U;: £ < a} be a family of nonempty open subsets of X.
Then there is § < a such that if B < a and if { B;: { < B} is a family of nonempty open
subsets Uy, then there is A C a, with | A|= a, such that the family (U, N B;: £ € A}
has the finite intersection property for all { < f.

PROOF. Suppose no such £ < a exists. For 4 C a with | 4 |= a, we choose £, € A.
Then, there are a cardinal B, < a and a family {B{':{ < B,} of nonempty open
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subsets of U, such that

If BC A4, and {U; N Bf‘: ¢ € B} has the finite intersection property for all { < g,,
then | B|< a.

For A C a with |4 |= a we set

B, = {{B CA:U,NB: tE B} has the finite intersection
property for all § < B,}.

The family B, partially ordered by set inclusion is inductive, hence there is a
maximal element B, € B ,. Also it is clear that B, # @ and that | B, |< a.
We define
¢, A\B, > P*(B,) X B,

as follows. Let n € A\ B,. The maximality of B, implies that there is a nonempty
finite subset F, of B, and {,, < B, such that

(ﬂUg)ntmUn:@; (%)
¢€EF,

we set ¢,(n) = (F,, {,) forn € A\ B,. We set
P ={By} U {‘PE‘({(F,f)}): (F,§) € PX(By) X BA}
and we note that
%P, is a partition of 4, with | ?, | < a.
Since « is regular and w < k < a, it follows from Lemma 1.1 that there is a family
{A;:i<«x} such that |4;|= a for i <k, A, C A, fori<i"<k,and 4,,, € P, for
i<k
Thus, since | 4;|= a for all i < k, we have
A = ¢/_4,I({(E" J:)})
for some (F, J,) € PX(B,) X B, ,i < k. We set

V,=(ﬂ Ug)ﬂBj fori <k,
¢eF,

and we claim that the family {V;:i <&k} consists of pairwise nonempty disjoint
subsets of X. In fact observing that for j <« V; C U, and that
J

§4, €Ay = ¢;"({F,., J})
we have that
VinU, = @,andfromthis V, NV, = &.
So the claim is true and this contradicts the assumption S( X) = «. The proof is now
complete.
2.2. REMARK. The conclusion of Lemma 2.1 remains true assuming that « = k and

a is a weakly compact cardinal. In fact applying the same methods as above and
using Lemma 1.1.« instead of Lemma 1.1 we get the desired result.
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2.3. COROLLARY. Let X be a topological space with S(X) = k = w, and lét a be a
cardinal such that either o is regular with a > « or else a is weakly compact and a = «.
Then a is a precaliber for the space X.

PROOF. Let {U,: £ < a} be a family of nonempty open subsets of X. Choose £ <
as in Lemma 2.1 or Remark 2.2. For $ = 1, By = U, we find an 4 C a with |4 |= «
such that the family

{U; N U;: £ € A} has the finite intersection property. Thus X has
precaliber a.

2.4. LEMMA. Let X be a space with S(X) = « and let a be a singular cardinal such
that X has precaliber cf(a), and

there is a family {a,: 0 <cf(a)} of cardinals such that a, is regular,
Kk <a, foro <cf(a), a, <a, for 6 <7 <cf(a), and 2,1, a, = a.

Then X has precaliber a.

PROOF. Let {U;: £ < a} be a family of nonempty open subsets of X. Since k < a,
and a is regular, it follows from Lemma 2.1 that there is J, < e, such that

(*) if B < a, and if {B,: n < B} is a family of nonempty open subsets of U, , then
there is 4 C a, with | 4 |= a, such that, for each n < B, the family {U; N B,: ¢ € 4}
has the finite intersection property.

It follows from (*) that

(*+) If % is a family of open subsets of U, having the finite intersection property,
and if | % | < a,, then there is A C a, with | A |= «, such that the family % U {U: ¢
€ A} has the finite intersection property.

In particular,

(xxx) If J, € B C a,, | B|< @,, and {U;: §{ € B} has the finite intersection prop-
erty, then there is A C a, with | A, |= a, such that the family {U;: £ € B U A} has
the finite intersection property.

Since cf(a) is a precaliber for X, there is S C cf(a) with | S |= cf(a) such that the
family (U, : o € S} has the finite intersection property. Let Z = {J,: ¢ € §}. Let B
be maximal such that Z C B C « and {U;: £ € B} has the finite intersection
property. We claim that | B|= a. Assume the contrary; | B|< a, for some o € S. By
(x*x) there is A C a, with |A4|= a, such that {U:§ € BU A4} has the finite
intersection property, contradicting the maximality of B.

2.5. THEOREM. Let w < k < a and k < cf(a) and let X be a topological space with
S(X) = k. Then a is a precaliber for X.
In particular, if X is a compact Hausdorff space then a is a caliber for X.

PROOF. Since cf(a) is regular and k < cf(a), it follows from Corollary 2.3 that X
has precaliber cf(a). Since k < a and k < cf(a), it follows from Corollary 1.3 that
there is a family {a,: 6 < cf(a)} of cardinals satisfying the conditions of Lemma 2.4.
Hence X has precaliber a.
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2.6. THEOREM. Let X be a topological space with S(X) =k = w and let a be a
cardinal such that B* < a for every cardinal B < a. Then a is a precaliber for X if and
only if cf(a) is a precaliber for X.

In particular, if X is a compact Hausdorff space then o is a caliber for X if and only
if cf(a) is a caliber for X.

PROOF. If « is a precaliber for X then obviously cf(a) also is a precaliber for X.
Conversely if cf(a) is a precaliber for the space X and if cf(a) < a then since
(B%)® < a it follows that a = 2, _ g, @, Where a, is regular a, > k. So the family
{a,: 0 < cf(a)} satisfies the conditions of Lemma 2.4. Hence X has precaliber a.

2.7. COROLLARY. Assume the Generalized Continuum Hypothesis (G.C.H.). Let X
be a topological space. Then a cardinal a is a precaliber for X if and only if cf(a) is a
precaliber for X.

In particular, if X is a compact Hausdorff space, then a is a caliber for X if and only
if cf(a) is a caliber for X.

PROOF. If a = cf(a) then the result is obvious. Assuming cf(a) < a we observe
that k = S(X) < cf(a) and from G.C.H. for cardinals  with cf(a) < 8 < a we have
Bef® = B* < o and hence B° < a. The result follows now from Theorem 2.6.

2.8. COROLLARY. Assume the G.C.H. Let {X;:i € 1} be a family of nonempty
spaces. A cardinal o with cf(a) > w is precaliber for X = Il,c, X, if and only if a is a
precaliber for X for all i € 1.

In particular, if X, is a compact Hausdorff space, then a cardinal a with cf(a) > w is
caliber for X if and only if o is a caliber for X, for all i € I.

PROOF. Since «a is a precaliber for each JX; it follows that cf(«) is a precaliber for
each of them, and from [6], cf(«) is a precaliber for the space X. Using Corollary 2.7
we have that « is a precaliber for X. Conversely it is clear that if « is a precaliber for
X then a is a precaliber for X; for alli € I.

REMARK. In Corollaries 2.7 and 2.8 the G.C.H. can be replaced by the assumption
that the Singular Cardinals Hypothesis (S.C.H. in short) holds and 2°/® < a. The
above condition is weaker than the corresponding conditions of Corollaries 2.7 and
2.8 when we assume that cf(a) < a.

2.9. ReEMARK. Corollaries 2.7 and 2.8 are not true for calibers of arbitrary
topological spaces in case « is a singular cardinal as follows from the example given
in [4].

2.10. COROLLARY. Assume the G.C.H. Let a be infinite cardinal and X a topological
space with S(X) = k = w.

(a) If cf(a) > «, and if either cf(a) is a limit cardinal or else cf(a) = B* with
cf(B) = «, then a is a precaliber for X.

(b) If cf(a) < K then a is not precaliber for X. Analogous statements for calibers hold
in case X is a compact Hausdorff space.

REMARK. The remaining cases in the above theorem, namely either cf(a) = x or
else cf(a) = B* with cf(B) < k, will be investigated in the next sections.
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2.11. COROLLARY. Assume the Generalized Continuum Hypothesis. Let X be a
topological space with S(X) = w,. An infinite cardinal a is a precaliber for X, unless
(a) cf(a) = w
in which case a is not a precaliber for X; or
() cf(a) = B, with cf(B) = w
in which case a may or may not be a precaliber for X.
The analogous statement for calibers holds in case X is a compact Hausdorff space.

PrOOF. This follows from the case k = w™ of Corollary 2.10.

3.
3.1. DEFINITION. Let a, « be infinite cardinal numbers. We set

T/EZmin{,B:,B"?a}, %Zmin{%:A<n}.

It is clear that if A < x then 2 < V& < %T < a; also

o = min{B: there is A < x with 8* > a).
o {

3.2. REMARK. If Y& < B < a then Y& = }/B. (Indeed it is clear that \/B <Va; if
:/F < Va then V& < (’:/B)" < a, and hence

e <)< ) <
which is impossible.)

3.3. PROPOSITION. Let a, « be infinite cardinals and suppose that Va' < «. Then either
V& = 2 or else, setting B = Va, we have cf(B8) < k < B.

PROOF. Suppose Va > 2, and set 8 = Va. Then B > . We prove that cf(8) < «.
Indeed, suppose that cf(8) > . Let y be a regular cardinal such that ya <y < a; by
the above remark, we have 'C/? = . Since B = v, it follows that there is a one-to-one
function f: y — B. Define ¢: y - B by ¢(§) = sup range( f(£)(«)). Since cf(8) > «,
¢ is well defined; since y is regular and 8 <y, it follows that there are n, < 8 and
A Cy, with |4 |= vy, such that ¢(§) <mn, for all § € 4; hence
flA: A —>*n,. Hencey =| 4 |<|m,|*, and B >|n,|> 7, a contradiction.

It now follows that cf(B) <k < B.

3.4. COROLLARY. Let a, k be infinite cardinals and suppose that Ja < «. Then either
Ya = 2 or else, setting B = Yo we have cf(B8) < k.

3.5. REMARK. It is clear that if a, k are cardinals such that ¥a = w, then ¥a is a
strongly k inaccessible cardinal. Furthermore, if we assume that k is a regular
cardinal and w < Y& < a then Y& > «.
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3.6. LEMMA. Let X be a space with S(X) = k = w, let a be a regular cardinal such
that 2 < Yo < a, and let {U;: € € a} be a family of nonempty open subsets of X. Then
there is A C a with | A|= a such that: if A C A, | A|<«* and {U;: ¢ € A} has the
finite intersection property, then

| {n € A: {U;: £ € AU {n)}} has the finite intersection property} |= a.

PROOF. Suppose that there is no such set A. For 4 C a with |4 |= a, there are
B, C A with | B,|<a and A, C A with | A ;|< «® such that {U,: £ € A} has the
finite intersection property, while for all n € 4\ B, the family {U;: § € A, U {n}}
does not have the finite intersection property. We define

¢, ANB, - P*(A )
as follows. Let n € A\ B,; there is a nonempty finite subset F, of A , such that
m U,5 N Un =g,
¢eF,

we set ¢,(n) = F, forn € A\ B,. We set
9= (B4 U {¢'({F}): FETX(A,))

and we note that
%P, is a partition of A, with | ?, |< «*.
We now apply Lemma 1.1, with p = (x*)* ; since « is regular it follows that k < p
and since a is regular and Va > 2, it follows that p < a; thus, there is a family
{A4;: i <«)} such that | 4;|= a fori<«k, 4, C A, fori<i" <k, and 4,, €F, for
i < k. Thus, since | 4;|= a for all i < k, we have
A = ¢§}({E})
for some F, € P¥(A ), i < k. We set
V.= ﬂ U, fori<k,
£EF
and it is easy to verify that the family {V:i <<k} consists of pairwise disjoint
nonempty open subsets of X. This is a contradiction to the fact that S(X) = k.

3.7. LEMMA Let a, k be infinite cardinals with « regular, cf(a) < k, and a strongly
k-inaccessible. Then there is a family {a,: 0 <cf(a)} of cardinals such that a, is
regular, a, < a, a, is strongly k-inaccessible for o < cf(a), and a = 2, ((q) &,-

PrOOF. Let {B,: 0 <cf(a)} be a family of regular cardinals, 8, <a and ¢ =
2o<cf(o()Ba‘

For every ¢ < cf(a) we claim that 85 < a.

In fact assuming that this is false, then there is o, < cf(a) such that 8 = a. But
then we will have Bfo > a. (Really, if Bc';‘o = a since k is a regular cardinal we have
that

K
a=p5=(B) = ata@>a,a contradiction.)

That contradicts the fact a is strongly k-inaccessible and this proves the claim.



158 S. ARGYROS AND A. TSARPALIAS

Now setting a, = (B5)", we can easily verify that the family {ay: 0 <cf(a)}
satisfies the conclusion of the lemma.

REMARK. Combining Corollary 1.3 and Lemma 3.7 we observe that if a is strongly
k-inaccessible cardinal and « is regular uncountable cardinal and cf(a) # k, then
always there is a family {a,: 0 < cf(a)} of regular strongly x-inaccessible cardinals
with 2 a, = a. In the remaining case cf(«) = k the above family exists if « is a
successor cardinal while in case k is a limit cardinal it does not exist.

3.8. DEFINITION. Let X be a topological space, and let AU = {U;: § € a} be a
family of nonempty open subsets of X. An index £ < a is called a representative of
QL if the following condition is satisfied:

If B < aandif {B;: { <} is a family of nonempty open subsets of U, then there
is 4 Ca, with |4|=a, such that the family {U; N B;: § € A} has the finite
intersection property for all { < 8.

Thus, Lemma 2.1 says that, if S(X) = k < a, and «a is regular, then every family
AU = {Ug: § € a} of nonempty open subsets of X has a representative.

3.9. THEOREM. Let X be a space S(X) = k = w, and let o be a regular cardinal with
k < a. Then X has precaliber (a, w - ¥a).

PROOF. If Ja = 2, then according to Rosenthal’s result [S], X has precaliber (a, w).

If J& = a, then a is regular and a > k, and hence from Theorem 2.5, X has
precaliber (a, a).

So we assume from now on that 2 < ya = 8 < a. Let {U;: € < a} be a family of
nonempty open subsets of X. We note that 8> « and cf(B) < «, by Corollary 3.4
and Remark 3.5, and hence from Lemma 3.7, there is a family {B,: 0 < cf(8)} of
cardinals such that

B, is regular, B, < B, k< B, foro <cf(B),

and

B= 2 B,
o<cf(B)

Claim. There is a family {A4,: 0 < cf(B)} of subsets of a such that | 4, |= B, and
the family {U,: § € 4,} has a representative £, such that the family (U, : o < cf(8))
has the finite intersection property.

Indeed, let 4 be a subset of a with | 4 |= a and the property of Lemma 3.6. We
proceed inductively. Let o < cf(B). We assume that 4_, £ have been defined for
T <osuchthat 4, C A4,|4,|= B, {U,: £ € A,} has the finite intersection property.

Let A = {£,: 7 <¢}; thus | A|< cf(B) < «%; hence, from the characteristic prop-
erty of A, as in Lemma 3.6, it follows that the set

B= {n€A:{U:¢€ AU {n}} has the finite intersection property |

has cardinality a.
We choose 4, C B with |4, |= B, and a §, in 4, such that {U,: § € 4,} has
representative §_. So the inductive definition is complete.
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Now setting 4, = U __ ¢, 4, We claim that there is 4, C 4, with | 4, |= B such
that the family {U;: § € 4,} has the finite intersection property. Indeed, let C be a
maximal subset of 4, such that {{,: 0 < cf(B)} C C and {U;: £ € C} has the finite
intersection property. It is enough to show that | C|= 8. Suppose on the contrary
that | C|< B. Then | C|< B, for some o < cf(B). Now the fact that {, € C is a
representative of {U;: £ € 4,} allows us to find n € 4,\ C such that {U;: § € CU
{n})} has the finite intersection property, contradicting the maximality of C.

Incidentally we give a simple proof of Rosenthal’s result which states that

3.10. PROPOSITION. If « is a regular cardinal and a = S(X), then X has (a, w)
precaliber.

PROOF. Let {U;: § € a} be a family of nonempty subsets of X. Inductively we
choose sequences

(U Uy U sein <@}, (A, Agyee Ay, n <o)

such that
i)aD>A4, 04,0 ---DA4,D ---n<wand|4,|=«a,
(i) N ?=|Ue, N U, # & forall{ € 4,.
This choice is possible from the regularity of a and the fact that a = k = S(X).
Now the family {U; : n < w} obviously has the finite intersection property.

4.

4.1. THEOREM. Let B be a strong limit cardinal with cf(B) = w, and assume that
28 = B* . Then there is an extremally disconnected compact Hausdorff space @ such
that Q has a strictly positive measure (and hence, satisfies the c.c.c.) and Q does not
have caliber B .

PROOF. Let A be the product measure that is inducted on the space {0, 1}# by the
coordinate measures {A,: & < B8}, where A, ({0}) = A ({1}) = 1 for all £ <. Let
also S be the o-algebra of A-measurable subsets of {0, 1}4.

Claim 1. If A is a subset of {0,1}? with |4|< B then 4 € S and A(4) = 0.
Indeed, since cf(B) = w it follows that 4 = U, __ A, such that |4, |< g for all
n < w, and hence it is enough to prove the claim for sets 4 with | 4 |< B.

Let A = {x,: 6 <y}, Y <8, be a well ordering of 4 and for { < 8 we set A, C 4
such that A, = {x,: x,({) = 0}. Since B is strong limit it follows that 2"< 8 and
thus there is D, C B such that | D,|> « and if §,,§, € Dy, Ay = A. Let B=
{x,, x5} X {0,1}A P4 where x,(§) = 0, x,({) = 1 for all { € D,. We easily verify
that 4 C B and from well-known facts on properties of product measure it follows
that A(B) = 0.

We next claim that there is a family {K,: 7 < 8"} of subsets of {0, 1}# such that
K, is compact for n < 8%, N(K,) >0 forn <", and if 4 C 8%, |A4|= B" then
the family {K: n € A} does not have the finite intersection property.

Indeed, let {x,: &< B*} be a one-to-one enumeration of {0, l}B, using the
hypothesis 2# = B* . We note that the set {x,: £ <=} has cardinality | n |< 8 for all
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n < B* and hence from the statement proved above
)\({xgz E< 71}) =0 forally<pt.

By the regularity of (the Haar measure) A for n < 8% there is a compact subset
K, C {x;: &§=n) with A(K,)>0. Let A C 8% with |4|= B", then it is easy to
verify that N, _, K, = @.

Now for n < 87 let [K, ] denote the I-equivalence class of K, and U, denote the
unique open-and-closed subset of § that corresponds to [K,] via Stone’s duality
theorem.

Let 4 C B* with |4 |= B*. We claim that {U,: n € 4} does not have the finite
intersection property. This is equivalent to the claim that {[K,]: n € 4} does not
have the finite intersection property. This follows from the fact that M 2ea Ky = 2.
The proof is complete.

4.2. COROLLARY. Assume the Generalised Continuum Hypothesis, and let o be a
cardinal such that cf(a) = Bt and cf(B) = w.

Then there is an extremally disconnected compact Hausdorff space § with the c.c.c.
such that

Q does not have caliber a, but has caliber (a, B8).

4.3. REMARK. (a) Corollary 4.2 shows that Theorem 3.9 is the best possible (at
least assuming the G.C.H.).

(b) The above example extends a well-known example of Erdds on nonexistence of
w™ caliber for all c.c.c. compact spaces. Namely Erdos has proved that under the
G.C.H. the Stone space of the Boolean algebra of measurable subsets of [0, 1] with
Lebesgue measure modulo null sets fails to have w™ -caliber.

(¢) It follows from Theorem 4.1 that (at least assuming the G.C.H.) there are
compact spaces {2 satisfying the c.c.c. and that fail to have caliber for arbitrary large
regular cardinals.

(d) In [1] an extension of Theorem 4.1 that has the following form is given:

THEOREM. Assume the G.C.H. Then for every a, k cardinals with cf(a) < k there is
an extremally disconnected space Q, such that S(R,) < k and Q, does not have o™
caliber.

4.4. REMARK. Let X be a compact Hausdorff space, u a regular Borel measure on
X, and « a cardinal such that w* < a and w* < cf(a), and {S;: §£ < a} a family of
p-measurable subsets of X with u(S;) >0 for § <a. Then there is 4 C a with
|A|=aand N, , S+ 2.

(Indeed, let @ be the Stone space of the measure algebra L = M/ of the
measure . Then € has a strictly positive measure, hence satisfies the c.c.c., and thus
Q has caliber a (Theorem 2.5). From the regularity of the measure p there is a
compact set K, such that K, C S; and u(K;) > 0, for § < a. The p-equivalence class
[K,] corresponds by Stone’s duality to a (unique) nonempty open-and-closed subset
of Q. Hence there is 4 C a with |4 |= a such that {[K.]: § € A} has the finite
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intersection property and since each K, is a compact subset of X it follows that
MeesSeD Ny Ke# D asrequired.)

4.5. REMARK. Theorem 2.5 implies a negative, in general, answer to the Comfort
problem on the determination of possible calibers for compact spaces. Indeed, let
H = {a,:y €T} be a family of regular cardinals, w € H and if we want to find a
compact space X that does not have caliber exactly on the cardinals & such that
cf(a) € H, then the family H need satisfy the following condition. If « is the least
regular cardinal that does not belong to H, then obviously S(X) < « and therefore
from Theorem 2.5 it follows that every regular a such that a > k also does not
belong to H. .

However we do not know if for a family H that satisfies the above condition
always there is the space X,;. In particular we do not know even under the G.C.H. if
for a given family H of regular cardinals such that w* & H and for a« € H, a has the
form a = B*, cf(B) = w, there is the compact space Xj,.

5. This section is due to the referee and contains a coherent picture of what has
been proved and what cases are left open.

5.1. DerFINITION. For infinite cardinals a, 8, k let the symbol a = (k, B8) denote the
statement: every space X with S( X)) < « has precaliber (a, B).

Let f(k, 8) = min{a: a = (k, B)}.

5.2. About function . Some properties of the function f are the following:

(a) f(x, B) is monotonically increasing in both arguments.

(b) f(w, B) = B for every cardinal S.

(c) f(w, B) = B for every B (Proposition 3.10).

(d) If « is singular then f(k, 8) = sup{f(A, B): A < «} (Erdos-Tarski theorem).

From now on, we assume for simplicity the G.C.H.; by Theorem 3.9 if y =
max{k, B} then y < f(x, B) < y™ . We deal with the problem of deciding between y
and y*.

Case 1. B < k. Then f(k, 8) = k if 8 = w or if k is singular. If w < B <k = cf(k),
we do not know anything about the values of f(k, B).

Case 2. B = k. f(k, k) = « if k is a weakly compact cardinal (for example if k = w)
while f(k, k) = k" if x is a singular cardinal or a successor cardinal or if there is a k
Souslin tree. Thus (by Jensen’s result) assuming ¥ = L, we have f(x, k) = « if and
only if k is weakly compact. We do not know if this is true assuming only G.C.H.

Case 3. B>«. If k = w then f(x, B) = B. If cf(B) <« then f(k, B)=B7. If
cf(B) = k then f(k, 8) = B if and only if f(k, k) = k (Case 2). If cf(B) > « and if
cf(B) is a limit cardinal or else cf(B) =y" with cf(y) =k then f(x, 8) = B. If
cf(B) = y" and w < cf(y) < « then by Theorem 4.1 and [1] (see Remark 4.3(d)) it
follows that f(k, 8) = B*.

Finally, the following statements are easily seen to be equivalent for all cardinals
a, B and «.

(1) Every extremally disconnected compact Hausdorff space X with S(X) < k has
caliber (a, B).

(2) Every space X with S(X) < « has precaliber (a, 8).
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(3) Given any family {U;: £ € a} of nonempty sets, either there is B C a such that
| B|= B and {U;: £ € B} has the finite intersection property, or else there is a family
{V,: m <«} of pairwise disjoint nonempty sets such that each V, is the intersection
of finitely many U;’s.

(4) For every family £ C P(a) with 2 <| X|< w for each X € £, either there is an
independent set B C a with | B|= B, or else there is a family {A4,: £ < «} of finite
independent subsets of a such that 4, U 4, is dependent for £ <7 <«k. (A set
A C ais “independent” if £ N P(A4) = @; “dependent” if £ N P(A4) #* T.)

Note that if we weaken (4) by requiring | X|=2 for X € £, it becomes a
weakened version of the ordinary partition relation @ — (k, 8)* of Erdos and Rado.
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ADDED IN PROOF. Corresponding results for independent families of sets and their
applications to Topology and Functional Analysis, proved by the authors, are
contained in the paper, “Embeddings of /!(T) into subspaces of C(R2)”, to appear in
the Mathematical Proceedings of the Cambridge Philosophical Society. Similar
results have been established by J. Shelah in Remarks on Boolean algebras, Algebra
Universalis 11 (1980), 77-89.
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